Abstract. We prove that groups for which every countable subgroup is free (ℵ 1 -free groups) are n-slender, cm-slender, and lcH-slender. In particular every homomorphism from a completely metrizable group to an ℵ 1 -free group has an open kernel. We also show that ℵ 1 -free abelian groups are lcH-slender, which is especially interesting in light of the fact that some ℵ 1 -free abelian groups are neither n-nor cm-slender. The strongly ℵ 1 -free abelian groups are shown to be n-, cm-, and lcH-slender. We also give a characterization of cm-and lcH-slender abelian groups.
Introduction
Graham Higman defined a group to be κ-free, with κ a cardinal number, if each subgroup generated by fewer than κ elements is a free group [H1] . By the NielsenSchreier Theorem each free group is κ-free for all cardinals κ. The additive group of the rationals Q is an example of an ℵ 0 -free group of cardinality ℵ 0 which is not free. Higman produced an example of an ℵ 1 -free group of cardinality ℵ 1 which is not free, and κ-free groups have been a focus of much study since then ([H1] , [S] , [EkMe] , [MaS] ). We prove that ℵ 1 -free groups satisfy strong automatic continuity conditions.
Following [CC] we define a group H to be cm-slender if every abstract homomorphism from a completely metrizable topological group to H has open kernel. Similarly H is lcH-slender provided each abstract homomorphism from a locally compact Hausdorff topological group to H has open kernel. If, for example, a group H is cm-slender then the only completely metrizable topology that can be imposed on H to make H a topological group is the discrete topology.
A further notion of automatic continuity comes from fundamental groups: a group H is n-slender if every abstract group homomorphism from the fundamental group HEG of the Hawaiian earring to H factors through a finite bouquet of circles [Ed] (see Section 2). Free (abelian) groups were shown to be cm-and lcH-slender in [D] and free groups were shown to be n-slender in [H2] . Many groups have since been shown to be n-, cm-and lcH-slender, and each of these notions of slenderness requires a group to be torsion-free and to not have Q as a subgroup (see [CC] for more exposition).
We prove the following:
Theorem A. ℵ 1 -free groups are n-slender, cm-slender, and lcH-slender.
As free groups are ℵ 1 -free, this result is a strengthening of the classical facts that free groups are n-, cm-and lcH-slender. The fact that ℵ 1 -free groups are cm-slender immediately implies a result of Khelif [Kh] that an uncountable ℵ 1 -free group is not the homomorphic image of a Polish group (a topological group which is separable and completely metrizable). The cm-slenderness of ℵ 1 -free groups can be obtained by modifying Khelif's proof. We give a different proof which is both well suited to proving all three types of slenderness and seemingly simpler.
Theorem A cannot be strengthened by substituting ℵ 0 -freeness (that is, local freeness) for ℵ 1 -freeness. The group HEG is itself locally free and by considering the identity map we see that local freeness does not imply that a group is n-slender. The group Q is locally free, and using a Hamel basis of R over Q it is possible to construct a homomorphism from R to Q which is not continuous. Since R is both locally compact Hausdorff and completely metrizable, local freeness implies neither cm-nor lcH-slenderness.
Analogously define a group to be κ-free abelian if each subgroup generated by fewer than κ elements is free abelian. A group which is ℵ 1 -free abelian needn't be n-or cm-slender: the countably infinite product ∏ ω Z is ℵ 1 -free abelian [B] . This group has a completely metrizable topological group structure given by taking each Z to be discrete and giving the entire group the product topology, and so the identity map on ∏ ω Z shows that an ℵ 1 -free abelian group need not be cm-slender. Also there is a canonical homomorphism from HEG to ∏ ω Z which does not have open kernel, so n-slenderness needn't hold for an ℵ 1 -free abelian group either. However we have the following: Theorem B. ℵ 1 -free abelian groups are lcH-slender. Theorem B cannot be strengthened by replacing ℵ 1 with ℵ 0 since Q is not lcHslender. We prove Theorem B from the following classification (see definitions in Section 3): Theorem C. If H is an abelian group then (1) H is cm-slender if and only if H is torsion-free, reduced and contains no subgroup which admits a non-discrete Polish topology (2) H is lcH-slender if and only if H is cotorsion-free The n-slender abelian groups are already known to be precisely the slender groups [Ed] , and Theorem C was already known for abelian groups of cardinality < 2 ℵ0 (see [CC, Theorem C] ). Thus among abelian groups we have cm-slender ⇒ n-slender ⇒ lcH-slender For n-and cm-slenderness we need to demand a bit more from an ℵ 1 -free abelian group (see Definition 13): Theorem D. Strongly ℵ 1 -free abelian groups are n-slender, cm-slender and lcHslender.
We have already seen that the modifier "strongly" may not be dropped while concluding n-and cm-slenderness. In Section 2 we prove Theorem A and in Section 3 we prove Theorems C, B and D.
Automatic continuity in the non-abelian case
We begin this section with a review of the Hawaiian earring group HEG. After this we give background lemmas and prove Theorem A. Start with a countably infinite set {a ±1 n } n∈ω which has formal inverses. We say a function W ∶ W → {a ±1 n } n∈ω is a word if the domain W is a totally ordered set and for each m the preimage
) is finite. We write W ≡ U for words W and U provided there exists an order isomorphism ι ∶ W → U such that W (i) = U (ι(i)). Let W denote a selection from each ≡ class. For m ∈ ω let p m denote the map from W to the set of finite words given by the restriction
For W, U ∈ W we write W ∼ U if for every m ∈ ω the words p m (W ) and p m (U ) are equal as elements in the free group F (a 0 , . . . , a m ). For U ∈ W we write U −1 for the word whose domain is U under the reverse order satisfying U −1 (i) = (U (i)) −1 . We concatenate two words W, U ∈ W by letting W U be the disjoint union W ⊔ U under the order which preserves that of both W and U and places elements in W below those of U . The map W U is given by and words which do not. The following definition is found in [Ed] : Definition 1. A group H is n-slender if for every homomorphism φ ∶ HEG → H there exists m ∈ ω for which φ = φ ○ p m . Equivalently H is n-slender if for every homomorphism φ ∶ HEG → H there exists m ∈ ω such that HEG m ≤ ker(φ).
We will make use of the following (see [H1, Theorem 1] 
Lemma 2. If H is an ℵ 1 -free group then each nondecreasing sequence {K n } n∈ω of finitely generated subgroups of H such that K n is not contained in a proper free factor of K n+1 must eventually stabilize. Moreover every finitely generated H 0 ≤ H is included in a finitely generated H 0 ≤ H 1 such that H 1 is a free factor of each free subgroup of H which contains it.
We call such a subgroup H 1 as is asserted in the second sentence of Lemma 2 a basic subgroup [H1] .
Lemma 3. The following hold:
(1) If φ ∶ HEG → H is a homomorphism to an ℵ 1 -free group then for every finitely generated F ≤ H there exists n ∈ ω for which φ(HEG n ) ∩ F = {1 H }. (2) If φ ∶ G → H is a homomorphism with G either completely metrizable or locally compact Hausdorff and H an ℵ 1 -free group then for every finitely generated
Proof.
(1) Assume the hypotheses and let F ≤ H be a finitely generated free subgroup. By Lemma 2 we can select a finitely generated basic subgroup F ≤ H 1 ≤ H. Fix a free generating set for H 1 and let L ∶ H 1 → ω be the associated length function.
Suppose for contradiction that φ(HEG
Since H 2 is a countable subgroup of H we know H 2 is free and therefore H 1 is a free factor. Let ρ ∶ H 2 → H 1 be any retraction induced by selecting a complimentary free factor and projecting to H 1 . Letting y n = ρ(z n ) we obtain the relations
and so y n−1 ≠ 1 H and L(y n−1 ) ≥ L(y n ) + 1 and arguing backwards we see that for
. This implies that the y n are eventually trivial. But then for some n we have y n = 1 H = y n+1 , from which we have φ(
= 1 H , contrary to the choosing of W n ∉ ker(φ). (2) Suppose first that φ ∶ G → H is a homomorphism from a completely metrizable group to an ℵ 1 -free group and that F ≤ H is finitely generated. Let d be a complete metric for G compatible with the topology. Select a finitely generated basic subgroup H 1 ≥ F and let L be the length function for a fixed free generating set on H 1 . If a neighborhood U as in the conclusion does not exist then we select
. Supposing that we have selected group elements g 0 , . . . , g n and neighborhoods U 1 , . . . , U n and natural numbers k 0 , . . . , k n in this way we select a neighborhood U n+1 of 1 G for which g ∈ U n+1 implies
is Cauchy in m and therefore converges to some j n = lim m→∞ g n (⋯g m−1 (g m ) km−1+2 ⋯) kn+2 and by continuity of multiplication we have j n = g n+1 j kn+1+2 n+1
. Let z n = φ(j n ) for all n ∈ ω. By again letting H 2 = ⟨H 1 ∪ {z n } n∈ω ⟩ and ρ being any retraction from H 2 to H 1 we obtain a contradiction as in part (1).
Suppose now that φ ∶ G → H is a homomorphism with locally compact Hausdorff domain and ℵ 1 -free image and that for some finitely generated F ≤ H there is no U as in the conclusion. Select H 1 ≤ H as in the other case and again let L be the length function with respect to a fixed free generating set for
. Supposing we have selected elements g 0 , . . . , g n and nesting neighborhoods U 0 , . . . , U n of 1 G and natural numbers k 0 , . . . , k n in this way, we select a neighborhood
The sequence {K n } n∈ω consists of nonempty nesting compacta and so the intersection is nonempty. Let j 0 ∈ ⋂ n∈ω K n and for each n ≥ 1 we select j n ∈ U n such that
Since H is locally free we notice that z n = φ(g n )z kn+2 n+1
for all n. We argue as before for a contradiction.
Proof. (of Theorem A) We prove n-slenderness first and the arguments of the other types of slenderness will follow the same format. Suppose φ ∶ HEG → H is a map with ℵ 1 -free codomain and imagine for contradiction that φ(HEG n ) is never trivial. Select W 0 ∈ HEG ∖ ker(φ). We have ⟨φ(W 0 )⟩ contained in a finitely generated basic free subgroup F 0 ≤ H. By Lemma 3 pick m 1 ∈ ω large enough that φ(HEG m1 )∩F 0 is trivial. Select W 1 ∈ HEG m1 ∖ ker(φ). The finitely generated subgroup ⟨F 0 ∪ φ(W 1 )⟩ is contained in a finitely generated basic subgroup F 1 . Supposing we have selected group elements W 0 , . . . , W n and basic subgroups F 0 ≤ . . . ≤ F n and natural numbers m 0 < . . . < m n in this way we select m n+1 > m n for which φ(HEG mn+1 ) ∩ F n = {1 H }. Pick W n+1 ∈ HEG mn+1 ∖ ker(φ) and let F n+1 be a finitely generated basic subgroup which includes ⟨F n ∪ {φ(W n+1 )}⟩.
Define words U 0 , U 1 , . . .
. Let h n = φ(W n ) and y n = φ(U n ) for all n ∈ ω. We consider the subgroup H ∞ = ⟨{h n } n∈ω ∪ {y n } n∈ω ⟩ ≤ H.
Notice first that for each n ∈ ω the elements h 0 , . . . , h n freely generate a subgroup of H. This claim is obvious for n = 0. Supposing the claim is true for n we have ⟨h 0 , . . . , h n ⟩ ≤ F n and since h n+1 = φ(W n+1 ) ∉ F n we see that F n is a proper free factor of the group ⟨F n ∪ {h n+1 }⟩. Since finitely generated free groups are Hopfian we know that if we fix a free generating set X n for F n , the elements X n ∪ {h n+1 } freely generate a subgroup of H.
Next, we claim the elements h 0 , . . . , h n , y n+1 freely generate a subgroup of H. We have already seen that h 0 , . . . , h n freely generate a subgroup of the group F n . If y n+1 is nontrivial then since evidently y n+1 ∈ φ(HEG mn+1 ) we can argue as before that h 0 , . . . , h n , y n+1 freely generates a subgroup. Were y n+1 = h 2 n+1 y 2 n+2 trivial, we would have h n+1 = y n+2 since H is locally free. Then h n+1 = y n+2 ∈ F n+1 ∩ φ(HEG mn+2 ) = {1 H }, contrary to how W n+1 was chosen.
Letting H n = ⟨h 0 , . . . , h n , y n+1 ⟩ it is easy to see that each H n is properly contained in H n+1 and is not a free factor (one can use [H1, Lemma 7] , for example). This contradicts Lemma 2. This group H ∞ = ⋃ n∈ω H n was identified by Higman as being a subgroup of HEG (see the discussion following [H2, Theorem 6]).
Suppose now that φ ∶ G → H is a homomorphism from a completely metrizable group to an ℵ 1 -free group. Suppose ker(φ) is not open. Select g 0 ∈ G ∖ ker(φ). Pick a finitely generated basic subgroup F 0 for which φ(g 0 ) ∈ F 0 . By Lemma 3 select an ǫ 1 > 0 such that for g in the open ball B(1 G , ǫ 1 ) we have
)∖ ker(φ). Select a finitely generated basic free subgroup F 2 of H for which
and for g ∈ B(1 G , ǫ 2 ) ∖ ker(φ) that φ(g) ∉ F 1 . Select g 2 so that g 2 , g
) ∖ ker(φ). Let F 2 be a finitely generated basic subgroup of H containing ⟨F 1 ∪{φ(g 2 )}⟩. Supposing we have selected g 0 , . . . , g n and ǫ 1 , . . . , ǫ n and F 0 , . . . , F n in this way, we select
3
) ∖ ker(φ). Pick a finitely generated basic subgroup F n+1 containing ⟨F n ∪ {φ(g n+1 )}⟩. Notice that for each n ∈ ω the sequence g
2 is Cauchy and converges to an element j n . Moreover it is clear that for n ≥ 1 we have j n ∈ B(1 G , ǫ n ). The relations j n = g 2 n j 2 n+1 are clear by continuity of multiplication. We let h n = φ(g n ) and y n = φ(j n ) for all n ∈ ω. Performing the same argument as before, we contradict Lemma 2.
Finally, we suppose φ ∶ G → H has locally compact Hausdorff domain and ℵ 1 -free codomain and for contradiciton suppose that ker(φ) is not open. We inductively define nesting sequences {U n } n∈ω and {V n } n∈ω of open neighborhoods of 1 G such that U 0 ⊇ V 0 ⊇ U 1 ⊇ V 1 ⊇ ⋯ and V n ⊆ U n , as well as a sequence {g n } n∈ω of elements in G and finitely generated basic subgroups F 0 ⊆ ⋯. Let U 0 = G and select a neighborhood V 0 of 1 G such that V 0 is compact. Select g 0 so that g 0 , g 2 0 ∈ V 0 ∖ker(φ). Select a finitely generated basic subgroup F 0 which includes ⟨φ(g 0 )⟩. By Lemma 3 select
Let F 1 be a basic finitely generated group including ⟨F 0 ∪ {φ(g 1 )}⟩.
Suppose we have selected neighborhoods U 0 , . . . , U n and V 0 , . . . , V n as well as elements g 0 , . . . , g n and basic free groups F 0 , . . . , F n in this manner. Select a neighborhood
. Let F n+1 be a basic finitely generated subgroup including ⟨F n ∪ {φ(g n+1 )}⟩. Define compact sets K n for n ∈ ω by letting
2 for all n ∈ ω and H is locally free we get relations y n = h 2 n y 2 n+1 . We derive a contradiction by arguing in the same manner as for cm-slenderness.
Automatic continuity in the abelian case
To avoid confusion we continue using multiplicative group notation, unless otherwise stated, despite the fact that some groups under discussion will be abelian. We give definitions (see [Fu] ):
Definition 4. An abelian group H is algebraically compact if H is a direct summand of a Hausdorff compact abelian group.
The algebraically compact groups are closed under inverse limits, and finite abelian groups are obviously algebraically compact. For each prime p we have an inverse system of abelian groups Z p n+1 Z → Z p n Z and let J p denote the inverse limit (the p-adic completion of Z.) We also have an inverse system of abelian groups Z n 0 Z → Z n 1 Z (here n 1 n 0 ) and denote byẐ the inverse limit (the Z-adic completion of Z.) Both J p andẐ are algebraically compact and J p carries a natural group topology under which it is homeomorphic to the Cantor set.
An element a ofẐ has a representation of form a = (a 1 + 2!Z, a 2 + 3!Z, . . .) which is formally represented by the sum ∑ ∞ n=1 n!a n . Two formal sums ∑ ∞ n=1 n!a n and ∑ ∞ n=1 n!b n represent the same element inẐ provided for all m ≥ 1 we have (m + 1)! ∑ m n=1 n!a n − ∑ m n=1 n!b n Definition 5. An abelian group H is cotorsion if it is the homomorphic image of an algebraically compact group. Definition 6. An abelian group H is cotorsion-free if it does not contain a nontrivial cotorsion group. Equivalently H is cotorsion-free if H does not contain torsion, Q, or a copy of the p-adic integers J p for any prime p [Fu, Theorem 13.3.8] .
Definition 7. A torsion-free abelian group is reduced if it contains no copy of Q.
Definition 8. The first Ulm subgroup of an abelian group H is the subgroup
Definition 9. A topology on an abelian group H is linear if there exists a filter F of subgroups of H such whose elements form a basis for the open neighborhoods of 1 H .
is the retraction which projects the first m + 1 coordinates. Equivalently H is slender if H does not contain torsion, Q, ∏ ω Z or a copy of the p-adic integers J p for any prime p [Fu, Theorem 13.3.5] . Equivalently H is slender if H is torsion-free, reduced and contains no subgroup that admits a complete non-discrete metrizable linear topology [Fu, Theorem 13.3 .1].
We prove a lemma which follows along the lines of [EdFi, Theorem 3 .1]:
Lemma 11. If φ ∶ G → H has completely metrizable or locally compact Hausdorff domain and cotorsion-free abelian codomain then ker(φ) is closed.
Proof. Suppose φ ∶ G → H is a homomorphism with completely metrizable domain and cotorsion-free codomain and let d be a complete metric compatible with the topology on G. Suppose for contradiction that ker(φ) is not closed. If g ∈ ker(φ) ∖ ker(φ) then for there every neighborhood U of 1 G we have φ(g) ∈ φ(U ) ∖ {1 H }. Then letting h = φ(g) and H ∞ = ⋂ n∈ω φ(B(1 G , 1 n )) we get h ∈ H ∞ ∖ {1 H } and H ∞ is easily seen to be a subgroup. We obtain a contradiction by finding a nontrivial homomorphic image of the algebraically compactẐ in H, and since a homomorphic image of an algebraically compact group is cotorsion we will be finished.
Since H is torsion-free and reduced we have that the first Ulm subgroup U (H) is trivial. We show that for each sequence of integers {a n } n∈ω∖{0} there exists a j ∈ G for which (under additive notation) (m + 1)! φ(j) − ∑ m n=1 n!a i h for all m ≥ 1. Then because U (H) is trivial we get a well-defined ψ ∶Ẑ → H given by ψ(∑ ∞ n=1 n!a i ) = φ(j). Since h ∈ ψ(Ẑ) ∖ {1 H } we will have our nontrivial homomorphism.
Let a sequence {a n } n∈ω be given. Select
. Select g 2 ∈ U 2 ∩ φ −1 (h a2 ) (this is possible since φ surjects U 2 onto H ∞ and h ∈ H ∞ ). Supposing we have selected g 1 , . . . , g n and U 2 , . . . , U n we select a neighborhood
. Fixing a q ≥ 1 it is clear that the sequence g q (g q+1 (⋯g n ⋯) (q+2)! ) (q+1)! is Cauchy and therefore converges to, say, j q . We have j = j 1 = g 1 (⋯g n−1 (j n ) n! ⋯) 2! for each n ≥ 1 by continuity of multiplication. The relationship (m + 1)! φ(j) − ∑ m n=1 n!a n h is now clear for all m. Suppose now that G is locally compact Hausdorff and for contradiction that h ∈ H ∞ = ⋂ U∈U φ(U ) is nontrivial where U denotes the collection of open neighborhoods of 1 G . We again show that each sequence {a n } n≥1 has an element. Let V = V 1 be a neighborhood of 1 G for which V is compact. Pick g 1 ∈ V ∩ φ −1 (h a1 ). Supposing we have selected sequences g 1 , . . . g n and open neighborhoods V 1 , . . . , V n of 1 G in this way we select a neighborhood
2! we then select j ∈ ⋂ n≥1 K n and notice once again that (m + 1)! φ(j) − ∑ m n=1 n!a n h for all m ≥ 1.
Proof. (of Theorem C)
(1) Suppose an abelian group H is cm-slender. Then H cannot contain torsion, for then H would contain some cyclic group of prime order Z pZ. The group ∏ ω Z pZ is compact metrizable in a natural way and any homomorphism from ⊕ ω Z pZ ≤ ∏ ω Z pZ to Z pZ extends to a homomorphism on the entirety of ∏ ω Z pZ by a vector space argument, so that it is quite easy to construct a homomorphism from ∏ ω Z pZ to Z pZ ≤ H which does not have an open kernel.
Also, H cannot have a copy of Q since otherwise there exists a homomorphism from R to Q ≤ H which does not have open kernel. Neither can H have a copy of a group which admits a non-discrete Polish topology, since then the inclusion map would witness that H is not cm-slender.
Supposing H is a group which is torsion-free, reduced and contains no subgroup which admits a non-discrete Polish topology. Since J p has a non-discrete metrizable compact topology, we know that H cannot contain any J p and so H is cotorsionfree. Let φ ∶ G → H be a homomorphism with G completely metrizable. Since H is cotorsion-free, we have by Lemma 11 that ker(φ) is closed. Supposing for contradiction that ker(φ) is not open, we get a sequence {g n } n∈ω of elements of G which converges to 1 G and such that g n ∉ ker(φ). Letting G ∞ ≤ G be the smallest closed subgroup of G containing the elements of {g n } n∈ω , we have that G ∞ is Polish. Also, ker(φ ↾ G ∞ ) = G ∞ ∩ ker(φ) is closed in G ∞ , and by how we selected {g n } n∈ω we know ker [Ke, 2.3 .iii] and not discrete by considering the cosets g n ker(φ ↾ G ∞ ). The map φ descends to an injective homomorphism φ ∶ G ∞ ker(φ) → H. Then H contains a subgroup which admits a non-discrete Polish topology and we have a contradiction.
(2) Suppose an abelian group H is lcH-slender. Then H cannot contain torsion, Q or any J p by the reasoning as in (1) and so H is cotorsion-free.
Suppose on the other hand that H is cotorsion-free. Let φ ∶ G → H be a homomorphism with locally compact Hausdorff domain. By Lemma 11 we know ker(φ) is closed. Then G ker(φ) is a locally compact abelian Hausdorff group and φ passes to an injective homomorphism φ ∶ G ker(φ) → H. By [Mo, Theorem 25] there exists an open subgroup U of G ker(φ) which is topologically isomorphic to R n × K where K is a compact group. We show U is trivial, so that G ker(φ) is discrete and ker(φ) is open. First of all, the superscript n must be 0 since φ is injective and H cannot contain Q as a subgroup. But it is clear that K must be trivial as well since otherwise φ(K) would be nontrivial cotorsion.
The proof of Theorem B now follows easily. If a group H is ℵ 1 -free abelian, then it cannot contain torsion or Q. Also H cannot contain any J p since then it would also contain the additive group of Z[ ] for every prime q ≠ p, and hence contain a countable subgroup which is not free abelian. Thus an ℵ 1 -free abelian group is cotorsion-free and we apply Theorem C.
We provide some definitions towards Theorem D (see [Me] ):
Definition 12. If H is κ-free abelian we say a subgroup M ≤ H is κ-pure if M is a direct summand of ⟨M ∪ X⟩ for each set X ⊆ H of cardinality < κ.
Definition 13. A κ-free abelian group H is strongly κ-free abelian if every subset X ⊆ H of cardinality < κ is contained in a κ-pure subgroup of H generated by fewer than κ elements.
Proof. (of Theorem D) Suppose φ ∶ G → H has completely metrizable domain and strongly ℵ 1 -free codomain. Let d be a complete metric compatible with the topology of G. Supposing that ker(φ) is not open we select g n ∈ B(1 G , 1 n ) ∖ ker(φ). Select a countable ℵ 1 -pure subgroup M ⊇ {φ(g n )} n∈ω . Fix a free abelian generating set for M and let L ∶ M → ω be the length function. Let k n = L(φ(g n )) for each n ∈ ω. We define a subsequence {n q } q∈ω inductively. Let n 0 = 0 and supposing we have defined n 0 , . . . , n q we let n q+1 be such that 
+2
) kn m +2 is Cauchy and therefore converges to an element j m . Letting ρ ∶ ⟨M ∪{φ(j m )} m∈ω ⟩ → M be a retraction, we derive a contradiction as before.
Since for abelian groups cm-slenderness implies n-slenderness and lcH-slenderness, we are done.
There is an alternative proof for the fact that strongly ℵ 1 -free groups are n-and lcH-slender which uses infinitary logic. If H is strongly ℵ 1 -free then H has the same L ∞ω1 theory as free abelian groups [Ek] . Free abelian groups are slender, and slenderness is L ∞ω1 axiomatizable [SKo] , so H is slender. Slender groups are n-slender [Ed] and they are also lcH-slender by Theorem C, so we are done.
